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This paper investigates the mechanics of clearance of an embedded particle in a lubrication layer of
viscoelastic ﬂuid. We show theoretically that in a slider bearing domain containing a viscoelastic ﬂuid,
the oscillating shearing motion of a wall aids in transporting away any embedded particle towards the
moving boundary. The impact of geometry and material properties of the ﬂuid layer are explored by
coupling theoretical and numerical methods. Our approach suggests a possible mechanism by which the
human eye could clear out any debris beneath the eyelid, under responsive blinking. Our simpliﬁed
analysis brings to bear interesting approaches from physics and engineering upon a very complex biological problem and could provide essential clues about the physiological design of the tear ﬁlm.
& 2016 Elsevier Ltd. All rights reserved.
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1. Introduction
In this paper we discuss a ﬂuid solid interaction problem.
Speciﬁcally, we study the motion of a particle in a lubrication layer
of a viscoelastic ﬂuid which is driven by the quasi-periodic
shearing motion of its boundary. The current paper is an extension
of the work by Huang et al. [17] who discuss the lubrication ﬂow of
second grade ﬂuids with constant viscosity in a similar geometry
to our own, but goes beyond it as well. The literature on lubrication ﬂows of non-Newtonian ﬂuids is vast. Some studies of marginal relevance to our own include those by Park and Kwon [31]
who obtained numerical solution for the non-inertial lubrication
ﬂow for power law ﬂuids and Bujurke et al. [8], who examine
lubrication ﬂow and load carry capacity of a second order ﬂuid in a
geometry with approaching parallel surfaces. In the papers by
Bourgin [4], Bourgin and Tichy [5] and Sawyer and Tichy [35] a
perturbation method in the Deborah number, De, is used to obtain
an approximate solution to the viscoelastic lubrication equations
with a second order ﬂuid and with various boundary conditions.
More recently, Shah et al. [38] used the homotopy method to
obtain approximate solutions to the lubrication ﬂow in a slider
bearing geometry with a power-law ﬂuid. In all of the above papers the viscoelastic parameter, the Deborah number De was seen
to strongly effect the ﬂow properties as well as the shear-dependent viscosity index. Our paper is a generalization of these previous studies. Also, this work goes beyond the examination of the
ﬂow; we additionally consider the induced motion of an inertial
n
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particle trapped in this ﬂuid layer.
The problem is studied in two parts: (i) the ﬂow of a visocoelastic ﬂuid in a slider bearing domain using analytic techniques
and (ii) the induced motion of any tracer particle embedded in the
ﬂuid layer (see Fig. 1) due to oscillatory shearing motion of one of
the boundaries, studied numerically. Our initial hypothesis is that
the ﬂuid layer, being non-Newtonian and viscoelastic, serves the
purpose of transporting out any embedded particles, away from the
stationary boundary. Once we have a way to compute the internal
forces of the ﬂuid, we can model their inﬂuence on foreign bodies
in the ﬂuid using the model suggested by Wiberg and Smith [43].
In their paper, the authors suggest an empirical model which accounts for drag and lift forces in addition to added mass and the
Basset forces induced upon a suspended particle in a ﬂuid.
This problem is motivated by the fundamental mechanics of
the tear ﬁlm ﬂow in the eye. Our analysis helps shed light on the
mechanics of tear ﬁlm under blinking motion of the eyelid and the
process of debris clearance. This study is also pertinent to any area
which is concerned with lubrication and protection. The current
study builds on the existing studies concerned with viscometric
ﬂows of non-Newtonian ﬂuids [23,11,15,17,34]. In the eye, the
ﬂuid that serves as the lubricating layer (see Fig. 1) is thought to
consist of a very thin lipid layer, an aqueous layer, and a mucus
layer although modern theories suggest a less distinct parts demarcation of the tear ﬁlm [10,13,18,30]. In any case, the bulk of the
tear ﬁlm is composed of what most people think of when they
think of tears: the aqueous layer [27]. This layer, which is enriched
saline, serves to moisten the eye and provide nutrients and is
present both on the surface of the open eye and under the eyelid
[28]. Mucus is a secreted ﬂuid that is a sticky water-insoluble gel
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perfectly parallel plate situation.1 The equation h(x ) = h1 + mx ,
with h(0) = h1 and h(L ) = h2 , describes the distance between the
two plates as a function of x and m is the slope of the top plate; in
principle, h can be any function of x. The governing equations
describing the system are given by the conservation of linear
momentum:

div T =

Du
Dt

(1)

where u = (u, v, w ) indicates the velocity ﬁeld,

D
Dt

represents the

total derivative and the stress tensor is given by

Fig. 1. A schematic of the slider bearing geometry employed in this study. The top
plate is held ﬁxed while the bottom plate slides with velocity U . The slope of the
top plate is varied based on appropriate choice of h1 and h2.

formed by non-covalent linkages. The changes over time of the
linkages within the mucus generate the ﬂow properties of this gel.
The mucus material clings to epithelial surfaces serving the primary purposes of protection and lubrication [1,12,42]. The lipid
layer serves mostly to reduce evaporation of the aqueous layer and
resides mostly between the two edges of the eyelid and will be
ignored in this study [7]. The aqueous layer behaves strictly as a
Newtonian ﬂuid [16] while the mucus layer, which lies between
the aqueous layer and the surface of the eyeball displays nonNewtonian characteristics; its molecular composition gives it a
shear dependent and elastic character [29]. In addition to serving
as a lubricant for the eyelid and as an adhesive that keeps the
aqueous layer coating of the eyeball in place, it also serves in the
role of a protector of the eye. Also, along with certain molecules
and enzymes that work to chemically preventing disease from
reaching the eye, there is some unclariﬁed process whereby mucin
moleculars wrap around unwelcome particles and serve to remove
them from the tear ﬁlm [20]. Details about the physiological
properties of the tear ﬁlm can be found in the literature
[9,13,18,30,41,45]. It is important to note that the analysis in this
paper takes up a toy model to understand the mechanics of protection and also to clarify the role of viscoelasticity in the overall
process of clearance; the parameters chosen in this study do not
coincide with those relevant to the eye. We propose a ﬂuid model
with just a single homogeneous ﬂuid layer given by the secondorder non-Newtonian ﬂuid equations with variable viscosity, referred to as the modiﬁed second order ﬂuid equations [21,22,24]. It
is clear that the overall system is a very complex one where much
more remains to be understood, about physical domain and material makeup of the tear ﬁlm. A full ﬂedged modeling of this
system remains a daunting task and we see it best to approach the
problem in a series of less complicated steps.
In Section 2, we treat the problem of steady ﬂow of the modiﬁed second order ﬂuid in a slider bearing geometry. Asymptotic
analytical solutions for the ﬂuid ﬂow and stress induced upon the
walls are ﬁrst obtained. Section 3 then treats the formulation of
the particle equations coupled to a quasi-steady version of the
ﬂow derived earlier and its numerical solutions. The paper concludes with a discussion of our results and the impact of parameters such as the shear-rate index, magnitude of viscoelasticity
and slope of the channel walls, in Section 4.

2. The ﬂuid equations
We consider the ﬂow of a viscoelastic ﬂuid with variable viscosity in a slider bearing geometry (see Fig. 1). The lower plate is
capable of moving with a constant velocity, U , while the upper
plate is ﬁxed at a ﬁxed angle, a thus allowing for deviations from a

T = − p I + η A1 + α1A12 + α2 A2

(2)

η γ ̇ = η0 1 + κ γ ̇ q

(3)

()

representing a generalized second grade ﬂuid [24,21,22]. Here p is
the isotropic pressure and α1, α2 are the ﬁrst and second normal
stress coefﬁcients, respectively. The viscosity is taken to be of the
power-law type in order to capture shear-thinning and thickening
1

behavior for varying values of q, with γ ̇ = 2 |A1: A1| representing
the shear rate. We deﬁne the deformation tensors in Eq. (21) as

A1 = ∇u + ( ∇u)

T

(4)
T

A2 = u∇(A1) + A1 ∇u + ( ∇u) A1.

(5)

Additionally, the incompressibility condition applies, hence

( )

div u = 0 ⇒ ∂xu + ∂yv = 0.

(6)

Since the problem is independent of the z-direction, we treat
the problem as two dimensional. We use Eq. (6) and scale ap∂v ∂v
∂u ∂u
proximations, v⪢u, ∂x ⪢ ∂y and ∂x ⪢ ∂y , and assume time independence, i.e. steady state ﬂow, to simplify the above equations.
The scale approximations and incompressibility suggest that (i)
v
u

= ϵ and (ii)

h
L

= ϵ . As a result, the leading order components,

up to o(ϵ), of the extra stress tensor reduce to the form:

( )( )

( )

( )( )

( )

τxx = − 2η γ ̇

τyy = − 2η γ ̇

∂xu + α1 ∂yu

∂yv + α1 ∂yu

2

2

+ 2α1∂xu∂yu
2⎤
⎡
+ 2α2⎢ ∂yu ⎥
⎣
⎦

( )

τxy = − 2η γ ̇ ∂yu + 2α2⎡⎣ 2u∂x∂yu + v∂y∂yu + 2∂xu∂yu⎤⎦

( )( )

(7)

(8)
(9)

For arbitrary values of q ∈ R the problem remains analytically
unsolvable, except in simple cases such as q = 1 or 2. However, the
problem becomes tractable in the special case of |q|⪡1 leading us to
approximate the viscosity function using the binomial approximation:

()

q

η γ ̇ = η0( 1 + κγ )̇ ≈ η0(1 + qκγ /2
̇ ).
As a result, the components of the extra stress tensor, with the
lubrication approximation applied to the viscosity term, reduce to
the form
1
We model the problem being studied, in the standard manner as one where
the bottom plate is moving while the top plate is ﬁxed. This is the reverse case to
that of the human eye where the eyelid is akin to the bottom moving plate. Since
gravity is being ignored in this problem, our choice can be justiﬁed by frame
invariance.
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⎛
⎞⎛
q⎡
τxx = − 2η0⎜⎜ ∂xu⎟⎟⎜⎜ 1 + ⎢ 1 + κ 2 ∂yu
2⎣
⎝
⎠⎝
⎡
⎤
2
+ α1⎢ ∂yu + 2∂xu∂yu⎥
⎢⎣
⎥⎦

and v can be rewritten in a compact manner as:

⎤2⎞
⎥⎦ ⎟⎟
⎠

( ( ))
2

⎡⎛ c
4 ⎞⎛
y2 ⎞ ⎛
y2 ⎞⎤
⎟ + ⎜ 1 − 2 ⎟⎥
u = U ⎢ ⎜ 2 − ⎟⎜ y −
⎢⎣ ⎝ h
h ⎠⎝
h⎠ ⎝
h ⎠⎥⎦

( )

⎛ ⎞⎛
q⎡
τyy = − 2η0⎜⎜ ∂yv⎟⎟⎜⎜ 1 + ⎢ 1 + κ 2 ∂yu
2⎣
⎝ ⎠⎝
⎡
⎤
2
+ α2⎢ 2 ∂yu ⎥
⎢⎣
⎥⎦

(10)
⎡
⎤2⎞
⎥⎦ ⎟⎟ + α1⎢ ∂yu
⎢⎣
⎠

( ( ))
2

( )

2
⎛
⎞⎛
2 ⎤ ⎞
q⎡
τxy = η0⎜⎜ ∂yu⎟⎟⎜⎜ 1 + ⎢ 1 + κ 2 ∂yu ⎥ ⎟⎟
⎣
⎦
2
⎝
⎠⎝
⎠
⎡
⎤
+ α2⎢ 2u∂x∂yu + v∂y∂yu + 2∂xu∂yu⎥.
⎢⎣
⎥⎦
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2

v=−U

⎤

( ) ⎥⎥⎦
(11)

( ( ))

(12)

Consequently, the steady momentum equation (1) in the absence of body forces can be written as:

(22)

dh ⎡ y2 ⎛
y ⎞⎛
c ⎞⎤
⎢ ⎜ 1 − ⎟⎜ 2 − ⎟⎥.
2
dx ⎢⎣ h ⎝
h ⎠⎝
h ⎠⎥⎦

(23)

We have a method of modeling the motion of the ﬂuid in the
entire two dimensional plane, provided we know enough about
our pressure boundary conditions to determine the constant c.
This can be done through determination of the load carrying capacity of the ﬂuid and integrating the stress equations along the y
direction. We ﬁrst write σyy = p + τyy , which can be solved for p
and substituted into Eqs. (13)–(14) giving

∂xσyy = − ∂yτyx + ∂xτyy − ∂xτxx

(24)

∂yσyy = − ∂xτyx.

(25)

Also due to impermeability conditions and immobility of the
surfaces we have

Note that in seeking the solution to the well known, plane
Poiseuille ﬂow (in a 2D channel) of a Newtonian liquid, one usually
neglects the pressure variation in the vertical (or y) direction. In
the case of a non-Newtonian ﬂuid, the normal stress replaces the
pressure as the more meaningful variable. We can assume that the
normal stress, syy does not vary in the vertical direction but merely
along the x direction. Such an assumption can also be justiﬁed by
the extremely small thickness of the lubrication layer. The same
cannot be said of the shear stresses in the system, which can vary
along x and y. Following the standard approach in the literature
[17,35], we also assume the “load carrying capacity” boundary
condition at the edges, x = 0 and x = L , namely

v( ·, y = 0) = 0; v( ·, y = h) = 0.

σyy(0, ·) = 0 = σyy(L, ·).

−∂xp = ∂xτxx + ∂yτxy

(13)

−∂yp = ∂xτyx + ∂yτyy.

(14)

We assume that the ﬂuid is stationary at the boundaries, i.e. the
no-slip condition. Therefore,

u( ·, y = 0) = U ; u( ·, y = h) = 0.

(15)

(16)

Since the ﬂow domain is just a small deviation from the parallel
ﬂow case, we begin by assuming a quadratic proﬁle for the horizontal velocity component (in y) , given by

u = c1y2 + c2y + c3

(17)

where c1, c2, and c3 are possible functions of x that need to be
determined. Using the boundary conditions given in Eq. (15) we
can arrive at a new deﬁnition of u, namely:

⎡ ⎛
y2 ⎞
y2 ⎤
⎟ + 1 − 2 ⎥.
u = U ⎢ b⎜ y −
⎢⎣ ⎝
h⎠
h ⎥⎦

(18)

The new coefﬁcient b is a function of x, that needs to be determined. Note that the height function h also varies with x. By
substituting (18) into (6) we can ﬁnd an equation that describes
the vertical component of the velocity of the ﬂuid at any point.
Hence we have

⎡ ⎛ y2
y 3 ⎞ db
y 3 dh
2y 3 dh ⎤⎥
⎟
v = − U⎢ ⎜
−
+
b+
⎢⎣ ⎝ 2
3h ⎠ dx
3h dx
3h3 dx ⎥⎦

(19)

Applying the appropriate boundary conditions for v, given in
Eq. (16) , we arrive at

h2

db
dh
dh
+ 2bh
+4
= 0.
dx
dx
dx

(20)

Solving Eq. (20) for b yields:

b=

c
4
−
h
h2

The normal stress here is typically computed at the lower moving
boundary y = 0. In order to implement this condition, we now
choose h = h1 + mx , replace Eqs. (10)–(12) into Eq. (24) and integrate over x,
x=L

∫x = 0

x=L

⎛
⎞
∂x⎜ p + τyy⎟dx ⇒ σyy(L, ·) − σyy(0, ·)
⎝
⎠

x=L

⎛
⎞
∂x⎜ p + τyy⎟dx.
⎝
⎠

∂xσyydx =

∫x = 0

=

∫x = 0

(26)

The condition (26) is evaluated at the lower moving wall, at y = 0,
which, with the implementation of the load carrying capacity
condition, provides the appropriate equation for constant c, independent of variable y. The equation can be numerically solved
for the constant c which depends strongly upon the parameters q,
k and m.
Additionally, the following relationships are introduced to
generate a non-dimensional version of the stress equation:

X=

x
,
L

H=

H2 =

h2
h1

h
,
h1

α2 = η0λ 0,

C=

c
,
h1

π yy =

where c is a constant that can be determined using the pressure
boundary conditions. Using this deﬁnition of b, the equations for u

η0UL

,

(27)

where L is the total length of the lower plate, H and h are vertical
height functions positions, h1 represent the initial separation of
the plates, at the left edge while h2 denote the same at the right
α U
edge of the plate (see Fig. 1). De = η2L stands for the Deborah
0

(21)

σyyh12

number, which indicates the magnitude of elasticity of the ﬂuid
and η0 , λ 0 are proportionality constants (see also [4,35]). In the rest
of the paper, the consistency index κ is set to unity for computational purposes. The non-dimensional normal stress πyy can now
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Table 1
Table of q and C values. Note that in the case of q = 1, the bionomial approximation
of the viscosity term is not required.

q

m

De

C

q

m

De

C

 0.01

 0.05

0
0.25
0.5
0.75
0
0.25
0.5
0.75
0
0.25
0.5
0.75
0
0.25
0.5
0.75
0
0.25
0.5
0.75
0
0.25
0.5
0.75

2.65864
1.71294
1.61991
1.57035
2.9985
3.0009
3.00329
3.00569
3.57265
2.79821
2.50379
2.43625
2.0
1.56039
1.45644
1.41204
2.9985
2.9965
2.99451
2.99253
3.6
3.01378
2.7968
2.68909

0.01

 0.05

0
0.25
0.5
0.75
0
0.25
0.5
0.75
0
0.25
0.5
0.75
0
0.25
0.5
0.75
0
0.25
0.5
0.75
0
0.25
0.5
0.75

2.13044
2.67042
2.82174
2.90844
2.9985
3.00022
3.00195
3.00368
3.62141
3.10433
2.9049
2.79656
2.2837
2.17868
2.08427
2.0121
2.9985
2.99821
2.99793
2.99765
3.78782
4.5017
4.87846
5.07772

0

0.05

0

 0.05

0

0.05

0

0.05

1

 0.05

0

0.05

be easily calculated and has equivalent boundary conditions
πyy(0, ·) = πyy(L, ·) = 0.
The boundary condition for πyy can be used to solve for the
constant C in terms of other parameters. In Table 1, we provide a
list of values of C for various values of the parameters used in the
problem. The values of C can be replaced back into the appropriate
non-dimensional form of the velocity components, the results of
which are discussed below. Once the value of C is known, one can
also compute the non-dimensional shear stresses in the ﬂuid,

πxy =

σxyh12
η0UL

.

The nature of the ﬂuid and the geometry of the bearing have
signiﬁcant effects on the motion of the ﬂuid itself. Fig. 2 indicates
that the predominant motion of the ﬂuid is in the horizontal direction. However, the stresses are inﬂuenced by both the horizontal and vertical motions, no matter how small they might be.
For any given lower plate velocity, U and coefﬁcient, C, we expect
to see a fall off in horizontal velocity from the maximum at the
bottom plate to zero at the upper plate due to no-slip conditions.
Fig. 2 shows a sample plot of the ﬂow velocities along the channel
length for the slopes, m = − 0.05, 0, 0.05 at q = − 0.01 and De = 0.
While it is difﬁcult to discern the details of the velocity proﬁles, it
is clear that the shape of velocity proﬁles slowly changes along the
length of channel due to the slope effect in Fig. 2(a) and (c). The
effect of De upon velocity for the special cases of m = − 0.05 and
m ¼0.05 at q = − 0.01 are shown in Fig. 3. We show the proﬁle of
each De at the region x = L/4 of relevance in the following section
where a rigid spherical particle is released axially. The obvious
effect of De seems to be its impact upon the velocity gradient
which appear to be directly proportional.
The geometry and elasticity of the ﬂuid have a larger effect on
the horizontal movement of the ﬂuid than does changing the
viscosity. The vertical velocity proﬁle for the ﬂuid depends qualitatively and quantitatively on variation in the slope of the upper
plate and the coefﬁcient of elasticity while viscosity preserves only
the qualitative aspects of the ﬂow proﬁle. In the case of parallel
plates (m = 0) the ﬂow is unidirectional and there is no vertical
motion derived by geometric effects.
It is also valuable to examine the stresses, normal and shear, in
the system since the sought after biologically relevant results are a
direct consequence of these stresses (see Fig. 4 for some sample
graphs). The stresses are also used to validate our analysis based
on previous work in the engineering literature. Following, the
literature, we computed the normal stress on the bottom, moving
plate for various slopes, m, De and ﬁxed q = − 0.01 revealing

Fig. 2. A sample plot showing velocity vector ﬁeld proﬁle along the channel length for the slopes, (a) m = − 0.05, (b) 0, and (c) 0.05 at q = − 0.01, all at De = 0 .
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Fig. 3. Velocity proﬁles corresponding to De = 0, 0.25, 0.5, 0.75 for (a) m = − 0.05 and (b) m = 0.05 at q = − 0.01.

Fig. 4. The ﬁgures show some sample cases of the normal stress distribution on the bottom plate as a function of X and for various De. The left panel corresponds to a
diverging geometry with m = 0.05, while the right panel uses m = − 0.05, both for a shear-thinning ﬂuid. The arrows show the direction of the curve with increasing De.
Table 2
Mesh density study at Δt = 10−4 and Δt study at Δy = 50 .
Case

1

2

3

4

Δy
Δt

1/25
1e  3

1/40
5e  4

1/50
1e  4

1/70
5e  5

interesting behavior. The nonlinear combination of these various
factors results in a very complex dependence of normal stress
upon the parameters. We highlight the essential features of the

proﬁle and refer the readers to [32] for detailed analysis and
graphs representing the various parametric sweeps. The boundary
conditions on syy dictate that the normal stress at the ends x = 0, L
are zero but assume a parabolic proﬁle between the end points,
with a maximum around the center of the plate. The magnitude of
the normal stress can be seen to increase or decrease with De and
can be positive or negative depending on the values of q and m,
showing particular sensitivity to the latter. Our computations are
validated for the case of a constant viscosity second grade ﬂuid
[35] and are found to be in complete agreement. We also ﬁnd that
the values of m chosen in our study have a far greater impact upon
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Fig. 5. Axial, up (a), drag force, FD (b), vertical vp (c) and lift force, FL (b) for the slope m = − 0.05 at q = − 0.01. The main graph shows a time averaging of the results while the
inset shows the periodic nature of the velocities and forces as a result of the quasi-periodic motion of the boundary. (For interpretation of the references to color in this ﬁgure
caption, the reader is referred to the web version of this paper.)

the normal stress values on the bottom plate than do the values of
De. Also worth noting is that, diverging plates result in negative
normal stresses while converging and parallel plates cause positive normal stresses (see Fig. 4).
An analysis of shear stresses in the system reveals more consistent features; for all geometries, convergent, divergent and
parallel, shear stress on the bottom plate displays a monotonic
decline from x = 0 to x = L . Increasing De reduced the magnitude
of the shear stress, possibly resulting in the well-known drag reduction effect which is analyzed in more detail in the following
section. Increasing q has the effect of increasing the shear stress on
the moving plate. The geometric effects upon shear stress are
equally consistent. When De is held constant and m is varied between negative to positive values, the shear stress as a function of
X goes from a monotonic decline to a monotonic increase while
maintaining a constant stress when m = 0, always staying positive.

by [33]

S

d vp
dt

= FAM + FB + FD + FL

(28)

where S = ρp /ρ represents the speciﬁc gravity, or ratio of particle to
ﬂuid density, vp is the particle velocity, FAM is the force of added
mass, FB is the Bassett force, FD is the drag force, and FL is the lift
force. The effect of gravity on the particle is inconsequential due to
the thickness of the ﬂuid and shall therefore be dropped. Using,
the speciﬁc models for the individual forces from the literature
[2,36,37,43,44], one can write Eq. (28) in the expanded form

S

d vp
dt

=

d vp ⎞ 3 CD
1 ⎛ Du
Du
⎟+
+ ⎜
−
|u − vp
Dt
2 ⎝ Dt
dt ⎠ 4 D
|(u − vp) +

⎞
3 CL ⎛
⎜ |u − vp|2top − |u − vp|2bottom ⎟n,
4 D⎝
⎠

(29)

3. Particle equations

where the drag coefﬁcient CD is given in terms of the particle
Reynolds number, Rep as

3.1. The model

⎧ 24
,
if Rep ≤ 1
⎪
⎪ Rep
CD = ⎨
⎞
⎪ 24 ⎛
0.687
⎪ Re ⎜⎜ 1 + 0.15Rep ⎟⎟ if Rep > 1.
⎠
⎩ p⎝

When a particle enters the ﬂuid ﬁlm, the continued motion of
the particle is largely dependent on the motion of the ﬂuid and we
consider a one way coupling between them. Such an assumption is
reasonable due to the high viscosity of the ﬂuid (and low inertial
effects); one could also treat the particle as mere tracer. The force
balance equation for the particle embedded in a ﬂow can be given

The Reynolds number of the particle is deﬁned by
Rep = (ρD|u − vp|) /μ (ρ and μ are the ﬂuid density and viscosity
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Fig. 6. Axial, up (a), drag force, FD (b), vertical vp (c) and lift force, FL (b) for the slope m = 0 at q = − 0.01. The main graph shows a time averaging of the results while the inset
shows the periodic nature of the velocities and forces as a result of the quasi-periodic motion of the boundary. The axis labels for the inset graphs are the same as for the
bigger ones. (For interpretation of the references to color in this ﬁgure caption, the reader is referred to the web version of this paper.)

respectively, D is the diameter of the particle and u is the ﬂuid
velocity obtained from the previous section). Considering the very
viscous nature of the mucus layer, we can expect the value of Rep
to be very small and hence CD to be very high. Eq. (29) is well
known as the Wiberg–Smith model. In this study, we consider a
small modiﬁcation to this model, in the lift term [26,40]. The lift
acceleration term in Eq. (29) can be split into two parts accounting
for (i) ﬂuid shear and (ii) particle rotation and can be written as

FL = flift rot + flift shear

3 Rep
(ωr × vr)
4S Rer

flift shear =

27Jshear
2πS Res

(vr × ω f ).

Res =

D2 | ω f |
.
ν

(35)

3.2. Computational method

(30)
Computationally, Eq. (29) can be solved by the second order
Runge–Kutta method. We move the particle acceleration term to
the left hand side of the equation resulting in

where

flift rot =

where ωr is the relative rotational motion of a particle, ωf and ωp
are the angular velocities of ﬂuid and particle, respectively. Also
Jshear is the correction coefﬁcient and Res is the Re due to ﬂuid
shear given by

(31)

⎛
3CD
1 ⎞ d vp ⎛ 3 ⎞ Du
⎜1 +
⎟
=⎜ ⎟
+
|u − vp
2
2
4D
S
dt
S
Dt
⎝
⎠
⎝ ⎠
|(u − vp) + flift shear + flift rot

(32)

In these equations, vr is the relative velocity and Rer is the Reynolds number due to particle rotation given by

If we deﬁne A = 1 +

d vp
dt

=

1
2S

and B =

3
2S

(36)

and rearrange Eq. (36), then

⎞
−CDr
C u
1 ⎛ d vp
+ Dr + flift shear + flift rot⎟⎟.
vp + ⎜⎜ B
τp
Aτp
A ⎝ dt
⎠

(37)

1

Rer =

D2 | 2 ω r |
ν

(33)

We also deﬁne

a(t ) =
ωr = ωf − ωp

(34)

1 CDr
A τp

(38)
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Fig. 7. Axial, up (a), drag force, FD (b), vertical vp (c) and lift force, FL (b) for the slope m = 0.05 at q = − 0.01. The main graph shows a time averaging of the results while the
inset shows the periodic nature of the velocities and forces as a result of the quasi-periodic motion of the boundary. (For interpretation of the references to color in this ﬁgure
caption, the reader is referred to the web version of this paper.)

b(t ) =

⎞
C u
1 ⎛ d vp
⎜⎜ B
+ Dr + flift shear + flift rot⎟⎟
τp
A ⎝ dt
⎠

(39)

further reducing Eq. (37) to the form

d vp
dt

= − a(t )vp + b(t ).

(40)

We integrate the above equation over time, between t = 0 and
t = t f and vp = v op to vp = v op + K1. Using the previously known values of a(t) and b(t), denoted ao(t ) and bo(t ), respectively, we obtain

⎛
bo(t ) ⎞
K o = ⎜ v op − o ⎟(exp(( − ao(t )Δt )) − 1)
⎝
a (t ) ⎠

(41)

velocity using new a N (t ) and b N (t ), we get

b N (t )
a N (t )

)(exp(( − a N (t )Δt )) − 1).

dω p
dt

v Np = v op +

≈

where

τrot

1
ω
2 f

− ωp

τrot

(45)

τrot is determined by Rer

⎧ SD2
⎪
Rer ≤ 32
⎪ 60ν
=⎨
⎪ 32πS
Rer > 32
⎪
⎩ 30|ωr |Crot

(46)

(42)

The ﬁnal particle velocity at new time can be now computed using
the average of modiﬁed values Ko and KN as
o

(44)

It is also necessary to ﬁnd particle's rotational velocity, ωp in order
to update the translational velocity induced by the lift force. According to Lain and Sommerfeld [19], the angular acceleration of a
particle due to a ﬂuid is approximated by the response time, τrot of
particle's rotation with respect to ﬂuid rotation according to

where v op is the old particle velocity. Likewise, for the new particle

K N = (v Np −

K o + KN o
K = v opΔtK N = v Np Δt .
2

x Np = x op +

Crot =

12.9
128.4
+
.
Rer
Rer

(47)

N

K +K
.
2

Similarly, the particle's position is numerically determined by

(43)

Eq. (45) can now be integrated over time as performed for particle's acceleration and position to obtain the following updated
angular velocity of a particle
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Fig. 8. Axial, up (a), drag force, FD (b), vertical vp (c) and lift force, FL (b) for the slope m = − 0.05 at q = 0 . The main graph shows a time averaging of the results while the inset
shows the periodic nature of the velocities and forces as a result of the quasi-periodic motion of the boundary. (For interpretation of the references to color in this ﬁgure
caption, the reader is referred to the web version of this paper.)

ωpN = ωpo +

⎞
⎛
⎞⎛
⎛ Δt ⎞⎞
K o + K N i ⎜ i 1 ⎟⎜
K = ⎜ ωp − ωf ⎟⎜ exp⎜⎜ − i ⎟⎟⎟⎟ − 1⎟⎟
2
2 ⎠⎝
⎝ τrot ⎠⎠
⎝
⎠

(48)

where the superscript i stands for o (old) or N (new). The second
order Runge Kutta steps solve Eqs. (43), (44) and (48). The old
variables are used to solve Ko at the ﬁrst step and the new variables obtained for the ﬁrst step are used to ﬁnd KN to ﬁnally update the angular and translational velocities and position at the
next time step.
The ﬂuid velocities in Eqs. (22) and (23) are discretized using a
two dimensional computational domain with mesh densities
[50 × 50]. As we mentioned earlier, we limit our computation to a
quasi-steady ﬂuid ﬂow. The high viscosity of the ﬂow and the
absence of strong inertial effects (Re is very small) permits us such
an approximation. For the current study, motivated by the blinking
motion of the eyelid, we apply a sinusoidal input. Speciﬁcally, we
take a cosine ﬂow as follows:

u(t ) = U cos(2πt /tp)

(49)

where u(t) is the axial velocity component and tp is the period of
cosine. Therefore, we specify u(t) on the bottom oscillating plate as
a boundary condition. We ﬁx tp to be 10  3 in this study. In order to
ﬁnd the ﬂuid translational and angular velocities, as well as the
material time derivative of the velocity of a particle at each time in
Eq. (29), Lagrangian interpolation is employed. A particle is initiated at the position, (L/4, 5h1/6) for several cases under the

conditions given in Table 1. We begin with initial zero particle
angular and translational velocities.
Our computational solutions are obtained from Runge–Kutta
scheme in order to solve the particle position as a function of time.
The interpolation between the particle's position and ﬂow ﬁeld is
sensitive to the density of the mesh. In the case of q = m = De = 0 ,
several time steps Δt with ﬁxed mesh density, and also several
mesh densities Δy at the ﬁxed time were tested as shown in Table 2. We do not include mesh density study in the axial direction
since a particle trajectory mostly occur vertically, and the ﬂuid
acceleration effect is almost negligible in the region where a particle trajectory varies in the axial direction. Our ﬁnal solution is
adopted when the norm of a particle's position ((ypN − ypo ) /ypn )
varies less than 10  3. Based on these tests, the time step and mesh
density are ﬁnally chosen to be Δt = 10−4 , Δy = 1/50 and Δz = 1/5
throughout the rest of our computations. For this validation study,
we use L = 10h1, Rep = ρUmaxD/μ = 0.25, the shear rate, γ ̇ = Umax/h1
to be 2.5 and we simulated a particle motion for 100 cycles.
3.3. Computational results
In our ﬁnal computations, the length of the computational
domain is chosen to be 10 times larger than the height, i.e.
L = 10h1. The speciﬁc gravity of the submerged, buoyant particle is
taken to be 1, i.e. S = 1. We use Rep = 0.25 and the shear rate,
γ ̇ = 2.5 for the control at q = m = De = 0 . We compare the cases by
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Fig. 9. Axial, up (a), drag force, FD (b), vertical vp (c) and lift force, FL (b) for the slope m = − 0.05 at q = 0.01. The main graph shows a time averaging of the results while the
inset shows the periodic nature of the velocities and forces as a result of the quasi-periodic motion of the boundary. (For interpretation of the references to color in this ﬁgure
caption, the reader is referred to the web version of this paper.)

ﬁxing volume ﬂow rate, Q f = U ∫ u(y, C )dy where Qf is obtained at
the control, q = m = De = 0 for Rep = 0.25. Therefore, the maximum speeds of the oscillating plate for all the other cases, U are
determined by U =

Qf

∫Ω u(x, y, C )dy

. Based on these values, parametric

studies are performed by changing C (q , m , De ) (see Table 1), for 36
cases. All the results have been normalized as follows:

u¯ =

Fig. 10. The ﬁgure shows the parametric region analyzed and the outcome of our
analysis. In all cases, the embedded particle is transported towards the moving
wall. The red circles (and regions) indicate values of q and m where increasing
values of De results in increased lift velocity and lift force. In the case of green
circles, the De does not have a noticeable increased effect on the motion of the
particle. Finally, the blue circle shows a decline in the lift velocity with increasing
De. The background colors are extrapolated from the nine computed points to get
an idea of the overall trend. (For interpretation of the references to color in this
ﬁgure caption, the reader is referred to the web version of this paper.)

u
,
U

v¯ p =

vp
U

,

x¯ p =

xp
h1

,

t¯ =

t
h1/U

(50)

where U is the maximum plate speed at the control. All the nondimensional variables hereafter though, will be denoted without a
bar.
The particle's axial velocity up, vertical (lift) velocity vp, the
magnitudes of drag FD and lift FL forces are shown in Figs. 5–9 for
three different slopes m = − 0.05, 0, 0.05 at q = − 0.01, 0, 0.01,
corresponding to several of the 36 cases in Table 1. These ﬁgures
represent the plots of velocities and forces along the channel
height. Since the outputs include rapidly varying time periodic
data (shown in the inset) due to the (quasi)periodic ﬂow condition, we smooth them in the main portion of the graphs in order to
be able to read the data efﬁciently; the data has been averaged
using their left and right neighboring points and iterated until the
norm of the iterative solutions near the moving wall is less than
10  3. For boundary data points, the data near the top plate are
obtained by averaging the four advancing data points and the data
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Fig. 11. Percent change of vertical velocity and lift force for the cases: (a) m = − 0.05, q = − 0.01, (b) m = − 0.05, q = 0 , (c) m = 0.05, q = − 0.01 and (d) m = 0.05, q = − 0 with
respect to the lift velocity and force corresponding to a Newtonian ﬂuid, q = 0 , De = 0 .

near the moving plate are computed by setting the second time
derivative zero. Even with these boundary conditions, the
smoothed data near the end points may not represent the original
data pattern because the original neighboring data near the end
data do not always contain sufﬁcient information representing the
overall data pattern, especially for larger oscillating amplitude (see
for example, the end behavior in Figs. 7(b) and (d)). Nevertheless,
we believe that the smoothing provides us a clear summary of the
patterns and helps us understand the role of the De in the problem. The smoothed average curves are seen in all the ﬁgures
along with the original data, which are shown in the smaller inset
plot in each ﬁgure.
As seen from Figs. 5–9, (a) the immersed particle does not drift
much in the axial direction overall since we consider axial oscillations of the bottom plate. In the plot for up, the inset graph is the
more meaningful one where it shows perfectly symmetric oscillations around the mean value indicating the lack of any signiﬁcant horizontal drift. This is a natural consequence of the lack
of inertia in the system. Panel (b) in the ﬁgures shows the drag
force, FD, upon the immersed body. FD is seen to increase as the
particle comes closer to the moving bottom plate. The amplitudes
of the original axial oscillating velocities in the ﬁgures (a) (a
smaller window) also increase as a particle gets closer to the
moving plate. In the case of Figs. 5, 7 and 8, FD is inversely proportional to De near the top wall and this trend reverses near the

bottom, moving wall. In the case of Fig. 6 where m = 0, the drag
forces increase in the direction of the moving wall but remain
uniform across De. Fig. 9 displays the reverse trend compared with
the previous graphs; beyond about y = 0.3, the drag force declines
with increasing De.
The lift velocities, vp and lift forces, FL reveal dramatic changes
with De numbers. These two quantities are particularly useful to
understand the mechanics of protection, as outlined in the introduction. The panel (d) in Figs. 5, 7 and 8 indicate that when a
particle approaches the moving wall, a higher De case results in
the larger lift forces at q = − 0.01 and 0. Interestingly, the pick up
rate becomes smaller at higher De for a particle far from the
moving wall. As seen from the ﬁgures, the effect of De number on
the lift velocity and force becomes reverse near the half of the
channel height at m = − 0.05, 0.05, respectively. In Fig. 9(b), (c),
and (d), we can see that in the converging plate m = − 0.05, the
effect of De number on FD, vp, FL shows an opposite pattern when
compared to the other cases. With increasing De, particle lift force
gets smaller near the moving wall while, in the diverging plate
m = − 0.05, for q = − 0.01, 0.01 the lift force rises with De. For the
cases of zero slope at all the q's, the lift forces increase as a particle
approaches the moving wall and as a result, it moves faster towards the wall. However, there appears to be a negligible change
in up , FD, vp, FL due to De (see Fig. 6).
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4. Discussion

References

The current paper provides insight into the mechanics of a
lubricating layer of viscoelastic ﬂuid. The combinations of the
parameters used in this study results in a complex set of patterns
that are best understood through the summary presented in
Figs. 10 and 11. Fig. 10 shows the essential effect of De as a function
of q and m. In this ﬁgure the parameter space explored are marked
with a circle. The color of the circle further indicates the impact of
show that increased De has the effect of
De; (i) the red circles
pushing the embedded particle towards the moving wall, faster (ii)
shows particles moving towards the moving
the green circles
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shows the particle still approaching the moving
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wall however its dependence on De reverses. Based on the nine
data points examined, Fig. 10 shows a color based extrapolation of
the De dependence in the entire parameter domain. The red regions show a strong positive dependence on De, the green regions
show little to none and the blue region shows an inverse relation
to De.
The case (i) is further investigated in Fig. 11 where we examine
the relative effect of De upon the lift velocity and lift force, compared to the Newtonian case but keeping the same m as in the
non-Newtonian case. The results disclose a signiﬁcant increase in
both quantities and also a rising trend with De except in panel
(b) where the ﬁnal value of FL at De = 0.75 drops compared to the
previous point. This has already been explained in the previous
section as arising from the errors in the averaging technique. Panels (b) and (c) particularly show the lift velocities and forces increasing between 40% and 400% when compared to the Newtonian
case, q = 0 and De = 0. The cases (ii) and (iii) indicate that the
slope and elasticity are both important considerations in this
problem.
Recent review article by Siggers and Ethier [39] and Braun [6],
devoted heavily to the ﬂuid mechanics of the eye, clearly outline
the importance of ﬂuid ﬂow issues in the functioning of the eye.
While the current literature on this subject is vast, it is focused
mostly upon the anterior and posterior chambers of the eye.
Therefore, we believe that our investigation here can have some
implications in this context as well. It is estimated that over
3.5 million Americans over the age of 40 suffer from vision degeneration, dry eye syndrome and blindness caused by glaucoma,
macular degeneration, cataract and diabetes. Some of these are
caused by mechanical failures in the eye. A clear understanding of
fundamental scientiﬁc issues has often shown to accelerate
meaningful advances in applications and despite our study being
performed outside the parameter range of the biological system,
we believe that it can be helpful in eventually developing a more
focused effort in that direction. If, based on hints provided by
previous studies, we assume that at sufﬁciently high shear rates,
the tear ﬁlm is shear thinning, then our computations verify our
hypothesis (Fig. 11) that the physical properties of mucus in the
tear ﬁlm have naturally evolved to serve the role of protection by
allowing for effective clearance under blinking.
In the future, a larger range of q and De need to be explored; we
have thus far restricted the analysis here to small non-Newtonian
effects. It is plausible that stronger viscoelastic effects caused by
higher ranges of De can convert the green and blue regions in
Fig. 10 into red. We also plan to continue this investigation in a
multi-layer ﬂuid environment under completely unsteady conditions and with parameter ranges better aligned with physiological
conditions. Scaled up experiments to corroborate our theoretical
analysis are also being pursued.
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